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Abstract Two disjoint classes of self-similar symmetric stable processes with
stationary increments are studied. The first class consists of linear
fractional stable processes, which are related to moving average stable

processes, and the second class consists of harmonizable fractional stable

processes, which are connected to harmonizable stationary stable processes. The

domain of attraction of the harmonizable fractional stable processes is also
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1. Introduction ..,'5“2
X
':I"'(
l!n‘!'
®
. A stochastic process X = (x(t))tE!R is self-similar with parameter H € R e
OO
d '::'3:(
(H-ss) if X(c*) = cHX(°) for all ¢>0, and has stationary increments (si) if ‘:.:::"
d d e
X(++b)-X(b) = X(*)-X(0) for all b € R, where = means the equality of all
."l‘-‘t
finite dimensional distributions. A real-valued stochastic process .“‘::f
Nty
X = (X(t))telR is symmetric a-stable (SaS) if all linear combinations :?::i:
W'
2&:1%"(%) have characteristic functions of the form exp{—alela) for some '
v
a > 0. Here a € (0,2] and when a=2, X is Gaussian. A
~ el
In this paper, we study two disjoint classes of H-self-similar symmetric .,o\’.:':‘,
m i
a-stable processes with stationary increments (H-ss si SaS processes). One Ha
.
consists of linear fractional stable processes, which are related to moving "\:.:j
|'. ()
average stable processes, and the other consists of harmonizable fractional ?;\.s
o
stable processes, which are connected to harmonizable stationary stable '.
\
processes. :i:__,. )
A
In Section 2 we give a representation of a SaS process with stationary :&-’
Sy
increments in terms of a stationary SaS process which is either nonanticipating 'ﬁ“
or fully anticipating. The representation is shown for 1<a<2, but it should in :_:"‘
AN
fact be valid for much larger classes than SaS processes. :;-{ )
—).

¢
&

In Section 3 we introduce the linear fractional stable processes Aa H(a.b)

[ ]
= (Aa,H(a’b:t))telR whose corresponding nonanticipating (or fully anticipating) :"E“r
stationary SaS process is a moving average. We show that when 1<a<2, to each E_'?;

. line through the origin of the parameter plane (a,b) there corresponds a ?::..
distinct linear fractional stable process (Theorem 3.1). This result implies “
that the two linear fractional processes defined independently in [12] and [21] E:;:-.{
are different. ‘F
In Section 4 we introduce the complex harmonizable fractional stable :i‘-’
)
R
'A.':\..
A N N S S A AR, R N R e A h e A3
SERRRRATRR AR SRR N R
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processes Ga.H(a.b) = (ea.H(a'b:t))tER’ whose corresponding nonanticipating (or
fully anticipating) stationary SaS process is harmonizable. When 1<{a$2 we show
that to each line through the origin of the parameter plane (a,b) there
corresponds a distinct harmonizable fractional stable process (Theorem 4.1), and
we study their domain of attraction in Section 6 (Theorems 6.1 and 6.2).

There is only one (distinct) real harmonizable fractional stable process,
namely %e ea.H(l'l)' and it is shown in Section 5 that it is not a linear
fractional stable process when 1<a<2 (Theorem 5.1).

The only reason the results in Sections 3-5 are stated only for 1<a$2 is
that the representation in Section 2 is established only for 1<a$2. If the
representation in Section 2 is proved also for O<a$l, then the same proofs would
establish the results in Sections 3-5 for all 0<a{2.

It should also be mentioned that, under mild regularity conditions, the
linear and the harmonizable fractional stable processes introduced here seem to
be the only self-similar, symmetric stable processes with stationary increments
whose corresponding nonanticipating (or fully anticipating) stationary stable
processes are moving averages and harmonizable respectively. This
characterization result is still under study.

The authors gratefully acknowledge insightful discussions on self-similar

stable processes with Murad Taqqu and Florin Avram.

2. Representation of si SaS processes

In this section we assume 1<a2.
Let X = (X(t))tem be a continuous in probability si SaS process with 1<a(2.
Define

2.1)  Y(t) = O eU[xX(t)-X(t+u)ldu = X(t) - SEe (" Wx(u)du, tem,

e d
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. where the integrals exist a.s. Clearly Y = ('r'(t))telR is a continuous in oty
$
\J
: probability, stationary SaS process which depends linearly on the past ::'.'
- increments (or values) of X. We call Y the nonanticipating stationary SaS R
B (]
¥ ‘|.
. process corresponding to the si SaS process X, and a straightforward calculation ':::
! v
: shows that for all s<t, .:‘
' R4
4 \
3 (2.2) X(t)-X(s) = Y(t)-Y(s) - [IY(v)av. _&
o
One can also introduce the fully anticipating stationary SaS process Y ..1;

N corresponding to the si SaS process hy

7 TR LT AT

(2.3)  Y(t) = JoeUIX()X(thu)ldu = X(1) - Se T x(v)av, cem,

'| and derive likewise representation (2.2). i
:: Of course the increments of a stationary process Y define a si process X ‘:';
- via X(t)-X(s) = Y(t)-Y(s). and so does the indefinite integral of a stationary %
P process Y with a.s. locally integrable paths via X(t)-X(s) = J':Y(v)dv. In fact,

¢

a si process is the indefinite integral of a stationary process if and only if

. its paths are a.s. locally absolutely continuous; and is both the increment of :
"' some stationary process as well as the indefinite integral of some (other) .
‘;' stationary process if and only it its paths are a.s. locally absolutely ,
:: continuous and its derivative process is the derivative of a stationary process. g E:
! These two simple classes of si processes are distinct (with nonempty n
i‘; intersection) but their union is not broad enough to encompass all si processes ‘
; (as is easily shown via examples). Representation (2.2) is therefore the only EE.
:: one generally available for all si processes. ;
N Representation (2.2) follows also from Masani's representation of helixes 5
;: in Banach spaces ([15]), by viewing X as a helix in Lp(Q.S.P) for 1{pla. It .":’:
f should be pointed out that (2.2) defines a si SaS process X for each stationary ;
SaS process Y even when O<a{l, provided the integral in (2.2) is well defined: '}':‘"
! .{"‘
» W]
SEEETE T s
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for necessary and sufficient conditions see [6], Theorem 4.1. The conjecture
here is that (2.2) would be valid for 0<a$l as well, but there may be technical
difficulties in its derivation. For the sake of completeness we indicate the

simple proofs of (2.1) and (2.2) when 1<al2.

Proof of (2.1). The integral in the middle expression in (2.1) will exist a.s.

if
IO u
o © EIX(t)-X(t+u)| du < =.

(In fact this is a necessary and sufficient condition in this SaS case ([5]).)
But the stationarity of the increments of X implies that E[X(0)-X(u)| grows

linearly in |u|. The equality of the two expressions a.s. is shown likewise. O
Proof of (2.2). From (2.1) we obtain
I;Y(v)dv = I;X(v)dv - f;dvfzoe—(v_u)X(u)du
= I:X(v)dv - IfmduX(u)f:vue-(v_u)dv

f;X(v)dv - (e—s-e-t)fiweuX(u)du - f;(l—eu_c)X(u)du

—(e-s—e-t)ffweuX(u)du + I;eu_tX(u)du

=t

-0

e-(t—u)X(u)du - Ifme-(s—u)X(u)du

= [Y(t) - X(t)] - [Y(x) - X(s)].

i.e. (2.2). The interchange of the order of integration is justified by

Fubini's theorem as for (2.1). o

The nonanticipating or fully anticipating stationary SaS process Y
corresponding to the si SaS process X via the representation (2.2) is continuous
in probability. Every continuous in probability stationary SaS process Y

(0<a$2) has a version of the form

oo, Wy o, o o W, P . N "L R A I T T T T T T N T T
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"
(2.4) Y(t) = J_,a(t.u)dZ(u), teR, ',;::,:
\ 25
where Z has independent SaS increments and control measure u, i.e., "'
- Q.':.:.A
(2.5) E exp(irffdz) = exp(-|r|*f|f|%an) X
¥ o,
|'|‘l
. Q'Q.t
for f € L (u). (V(t:))t€IR is a strongly continuous group of isometries in La(u) Sl
o
and a(t,*) = V(t){a(0.+)} ([8]). Since Y has a measurable modification (being o
R
continuous in probability), the kernel a(t,u) has a version jointly measurable .'§:'.L
o>
in (t,u) ([18]). and we obtain from (2.2) and (2.4), provided all integrals are i"
well defined, ‘:‘:3
'l
00 t f .‘::
X(t) - X(s) = 2 [a(t.u) - a(s,u) - Sla(v,u)dv] dZ(u) N
= SZ,[b(t.u) - b(s.u)] dZ(u).
Sy
where .Et |
&
b(t,u) - b(s,u) = a(t,u) - a(s,u) - J';a(v.u)dv %ﬂ
t :::A\.
= [V(t) - V(s) - .fsV(v)dv]{a(O.')}(u). ot
!
The most important examples of stationary SaS processes are moving averages 1‘-’%
and harmonizable processes. Y is a SaS moving average process (0<a$2) if "fz
]
Y(t) = J° h(t-s)dM(s), teR, oy
e
where M = (H(s))seﬁ-’( is a SaS motion (i.e., has stationary, independent SaS :-\." Y
increments and Lebesgue control measure) and h € La i= La(Leb). ;
Up to this point we have only considered real-valued SaS processes. When .
dealing with harmonizable processes it is natural and convenient to consider ::.j
)
complex-valued SaS processes, indeed radially SaS complex random variables will :i:;
e
suffice. A complex r.v. X=X,+iX, is radially SaS if X, and X, are jointly SaS Il
— ‘e
with radially symmetric distribution, i.e. with z=zl+122. E exp{i%ezX} = }:{-F
e )

Y e T e T P T Pa P e G R aLeamw

(lfl_!_(fllf“;:'fli,ﬁf‘ff_.‘v}J‘(
'-5-!"\""’15\1 A L N R Sy

A O M A GOt N
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E exp{1(zX+2,X;)} = exp{-c|z|¥} for some c>0. A complex-valued process
X = (X(t))telR is radially SaS if all complex linear combinations 2§=lan(tn)
are complex radially SaS r.v.’'s. Y is a harmonizable stationary SaS process

(0<ag2) if

(2.6) Y(t) = % elaz(n), tem,

where Z has complex, independent, radially SaS increments and finite spectral

(control) measure pu, i.e.

(2.7) E exp(ifezffdZ) = exp(-|z|*f|f|%dp)

for all complex numbers z and functions f in La(u) ([4]). (Unless the stable
distribution of Z is radially symmetric, Y is not stationary ([23]).) When pu is
absolutely continuous with respect to Lebesgue measure, ¢(A) = du(A)/dA is
called the spectral density of Y. When u is Lebesgue measure, Z is called a
complex SaS motion and is denoted by i. A real-valued SaS process Y is

harmonizable if

itA

Y(t) = %ef e’ NdZ(A).  tem.

where Z is as above necessarily complex. For simplicity here we will consider
complex harmonizable processes, while moving average processes will always be

considered real.

3. The linear fractional stable processes

In this section we consider the linear fractional stable processes. Let

O<H<1, a,b€R, and M be a SaS motion defined in Section 2. For 0<al2, H#l/a,

define
P R R R X S KR T C R AN L : .
A D R e e
) - .. » " -~ . e o w” [ - . LT
.n. s, Q.'. et oty ! \J‘._v/‘\._..-f..-‘..f.‘ ._"%.. - \-.\-"\- A ",\q NN d:.‘- RO .\v ._-f.:- s

0
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o H-1/a H-1/a

. (3.1) Aa'H(a.b;t) = J'_w{a[(t-u)+ - (—u)+ ]

: + b () Cyi1egy augy), e,

with the convention 0'=0 even for ¥<0; and for 1<a2, H = 1/a,

PR

(3.2) Aa l/a(a‘b:t) = aA(t) + bM(t), teRr,
D where
(3.3) ACt) = ° (log|t-u| ~ loglu|} dM(u). teR.

-

The process Aa H(1.0) was introduced in [21] and called fractional Lévy

motion, and the process Aa H(1.1) was introduced in [12], and called fractional

S -

stable process. A in (3.3) is the log-~fractional stable process defined in

[11]. The process Aa H H#¢1/a, can be defined for any a, 0<{a2, but the process

-

A(t) can be defined only in the case 1 ( a { 2. It is easy to see that the

processes (Aa H (a.b;t:))tqR as in (3.1) and (3.2) are H-ss si SaS. In the rest

-~

of this section, we assume 1<al2.

{ The nonanticipating stationary SaS process Ya H(a.b:') corresponding to the
ss si SaS process Aa H(a.b;~) of (3.1) is determined via (2.1) as follows: For
[) ’
t€R
u 0 H-1/a H-1/a
; Y, ylabit) = £2 & (7, (al(ev) VY - (e
)
’ #p[ ()T % - (o)1) ) aM(v) ) du
o H-1 H-1/ H~1/ H-1/
=17 (2 e Al ()%= (eruv) TR 4 B ()T (trumv) T T du ) M (v)
o
; (3.4) = f_mha’b(t—v)dM(v).
W N
where AN
L} Y
H-1/ H-1/a H-1/a H-1/a S
f by 500 = 00, & (b o) 4 pE T ()T ) a 2
(3.5) = ah,(x) + bh,(x) b
's) : 1 2 ' ::'b
A
b ey
N ot
':‘
+ .\
A A A N A AN A AT NN AT AT AT AT AT A AR AT R AT ARL T AP AT SN AT AT AT N A L
v, I \.(:. ...,__'_\...,’.,d_ f.,'.,._,,*.___:_ ARSI AR IR TN .__.r\. NN U aﬁ'}r\.-._.r‘a ERE R
NPT Y " f‘rf“'f\-'-r -f'.-.l-:'.- s ‘:";‘:\:":*::'::'.-:'.-': . ':\::';:'a:'::‘;‘:"'::*‘:‘:\:\:\: :&&2&&55:&:__
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X
(3.6) h,(x) = xf—l/a - e-xfo+ VWi 1/ey,
H-1/a -x -v H-1/a
(3.7) hy(x) = x_ -e f* e v dv.

Hence Ya,H(a'b) is a moving average of the SaS motion M, i.e. a linear process,
and we call Aa.H(a'b) a linear fractional stable process. Ya.H(a'b) is a
nonanticipating moving average of M only if ha.b(x) = 0 for x<0, , and since for
x<0, hl(x) = 0 but hz(x) # 0, this is true only when b=0.

As in (3.4). the nonanticipating stationary SaS process Ya.l/a(a'b)
corresponding to the (1/a)-ss si SaS process Aa.l/a(a'b;.) = aA(+) + bM(+) is

determined via (2.1) as the following moving average

(3.8) Y, 1/a(a:bit) = f:,ga'b(t-u)dM(u).
where
(3.9) g, p(X) = ag,(x) + bg,(x).

gl(x) = log|x| - e-xffmevloglvldv.
gz(x) = e X for x>0, = O for x<O.

Therefore, Ya.l/a(a'b) is a nonanticipating moving average of M only when a=0.

The linear fractional stable processes Aa.H(a'b) are indexed by the
parameters (a,b) € R2. When a=2, the processes AZ.H(a'b) are Gaussian, called
fractional Brownian motion, and by comparing their covariances we see that for
all a and b with |a|+|b]| # O, the processes A2,H(a'b) are multiples of the same
Gaussian processes in distribution. The main purpose of this section is to show
that if 1<a<2 each line through the origin of the parameter plane (a.,b)

determines a distinct process in distribution (up to scaling of course).

Theorem 3.1. Let OCH<1, 1<a<2, |a|+|b|#0. and A, y(a:bi*) be given by (3.1) and

(3.2). Then we have

.
N

e

-
g

7

?
)

Ly R4

“x
[A

2

o

e

A

LA
S

o

]

b
LY

AR AR
LN

™
¥
-
Y

Y '
L

'y
Pl

RS

NNy

pu

.S

N

v
{
]

‘
LW NN
O

RPN
L
s

PR AR
S5 NNSS
LSS AS
& & %50

AL
]

e

*
'y "v
Pe



g 8% $°@ 0R 290 40 8 6.9°8.4'0.8 2 D 0B’y § 2.0 % 8 Bab Bl ot S Bt Bat 2ot s .5 B¢ ALt
a'g 8y ¥ %08 4.9 9,80, % h AN RN S 1 VU W R W N i W W W W g PR ) gt gt ath 4l ') afl avh a*h - v ‘had Subidcd. TR0

-----

d y
-1 -1 . . f ' ¥
Ca.H(a'b) Aa.H(a'b;.) = Ca.H(a b’) Aa.H(a bric), : 9

where C& H(a.b) is defined by (3.10) and (3.14) below, if and only if L]

(i) a=a'"=0 or "

(ii) b=b' =0 or 0

Am
' (iii) aa'bb’ # 0 and a/b = a'/b". »

Proof. Recall that for two SaS random variables X and Y, by writing E exp{irX} ﬁ:
a a d &R
= exp{-|r| IIXlla}. it follows that X and Y have the same distribution, X =Y,

‘.

if and only if they have the same scale parameters, ||X||Z = IIYII:. Thus to

555N

compare the marginal distributions of Aa H(a,b;t) and Aa H(a'.b';t) we need to

@i,
1Ot

compute their scale parameters.

'
L f

i First assume H # 1/a. We find from (3.1) and (2.5) that

X4 N AN
AL
5005

el (lal®o1%) ST 11-v {70 o 712 %y

118, glav:i0)[1g

[}

1o

-

+ J-(l)lall_v'H—l/a _ blvlﬂ—l/a'adv }

SN
l_-\l

ot

7
%

[

(3.10) : e & y(a.b).

<1

e

For simplicity we drop the subscripts of a,H. It follows that for each fixed

AL

t20,

™)
, 7

/

-1 d 1
¢ la.b)A(a.bit) = Cla'.b')A(a’.b';it),

e \'X.

L)

e

where we are assuming of course that |a|+|b] # O # la*{+|b'].

ey v e

In view of the one-to-one relationship between the si SaS process A(a,b;*) @
of (3.1) and its corresponding nonanticipatory stationary SaS process Y(a,b;*)

of (3.4),

d
(3.11) cla.b)A(a.bi+) = CMa'.b')A(a'.b':v) ‘ﬁ%‘

W A a ¥ Yu ¥ . v oW
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is equivalent to

Rty Xy Ay S

g N

-1 d 1
¢ la.b)Y(a.b;i) = Cla'.b')Y(a'.b';+).

=

13

which, in view of (3.4) and Kanter's theorem [9], is equivalent to

M A A il

L n

v_w
K Y-

clab)h, (t) = eCla b )h, . (t-7) a.e.(t)

for some e € {#1} and T€ER (depending on a,b,a’',b'); and this in turn is

-{-{-",’- ]

™
-

: equivalent to

ol
2

' C—l(a.b){ahl(t) +bhy(t)} = e cl(a'.b'){a'hy(t-1) + b'hy(t-7)} a.e. (1)

in view of (3.5). which is equivalent to

-

a _ a' b _ b’
ey =c¢cE .5 Tab - ¢CE.o) }

, .l

(3.12)

BA R NP

To obtain the necessity of the last condition, take t < min(0,7), so that

] . '}‘\‘I)“,.',l"l‘.‘

h,(t) = 0 = h (t-r) and differentiate C ' (a,b)bhy(t) = eCl(a’ b )b'hy(t-7) to

PR
.A.l
 f

obtain

<

P AN W

"l‘l' °
L 4

ey

H-1/a-1

H-1/a-1 = e b'C—l(a'.b‘)(T"t) a.e. t < min(0.7)

bC 1(a,b)(-t)

X
b
4

, from which 7 = 0 and bc‘l(a.b) = eb'c‘l(a'.b') follow, and thus also

OPERLE

aC l(a,b) = ea'C l(a'.b").

(ol

If a =0, by (3.12), a'= 0 and (3.12) is satisfied with € = sgn(bb'). since

Pl ¢
%

by (3.10)

WX
. l' l'l

[
v

C(0.b)

|b|{ J-‘;’Hl_vlﬂ—lfa _ IVIH"l/aladv + é lVlaH_ldV }.

‘f'T.

'.:.,,-.'.:s-:' )

Hence if a = a' =0 or if b = b' = 0, then (3.11) is satisfied.

Now assume aa’'bb’ # 0. Then (3.12) is equivalent to

L

(3.13) (2.2 Pab) Hab)  Hab)  fab) =
- - " * - . a = ) P . .

b la | la* | Ib] b | o

\jx

L%

NN
@
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LSRN
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: Putting h'

2 ]

3 A= J-;’ Ill_vIH—l/a _ IVIH-l/aIa dv. : !
&

X f(x) = Ié |1-v|F1/e _ v | /e e g, N

B Y

¢ .

! a A

! g(x) = (1+|x[A + £(x), e

At

we have from (3.10), (®(a.b) = |a|%g(bs/a) = |b|%(asb) and thus (3.13) is .

[ ~ '

' equivalent to "l
Y

‘\4

a : b b’ q

(B2=2 ., gD =2 s =-e@)) 3

o .::

> which is equivalent to a/b = a'/b’ since g(1/x) = g(x)/|x|*. This completes the nd‘
3 proof when H # 1/a. )

K When H = 1/a, we find ||A1/a(a.b;t)||a le] /a(2:D) with 2

A%

: (3.14) (o (a.b) = 2|a|a |log(v-1) - log v|® dv O

a, 1/a ..a

-

o

+ é |a[log(1-v) - log v] + b |a dv

I

’.v Al
LA AL

Ja]*{C + f(bsa)},

where

)

e f(x) Ié |1og(1-v) - log v + x|% dv

.?}1.!7{ 1’1“.1“’1 4
R A

iy The rest of the argument is similar to the case H # 1/a, using instead

Arl

- expressions (3.8) and (3.9).

T

L,
Wl g

L The linear fractional stable processes have the following time domain

“

.,

symmetry

. "
4 ‘.l"‘r ’

o,

(3.15) Aa,H(a'b:.) Aa.H(a'b:-.)'

-\l
o
.::.
o
®

N

X In general, if a self-similar process X = (X(t))telR has a version of the form

X(t) = S° [f(t-u) ~ £(-u)] dM(u). teR,

e~ )
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where M = (M(u))uelR has stationary and symmetrically distributed increments, :z}
L
then X has the property (3.15). Indeed, by using the si property of M and the ? hy
®
symmetry of the distribution of X. we have ) ’ahi
t '(
W Al
00 ' o
X(+) = S5 LE(+-u) - £(-u)] M(u) 2
) Ly
= J_G[f(-v) = £(-*-v) dM(v) k ~
N
d P
= X(-*) = X(-°). Ohnd
&
‘I. '1(
We now comment on the sample path properties of the linear fractional ::\::?::
O
stable processes Aa H(a.b:t) with 0<a¢2. The fractional Brownian motion ‘zﬂﬁ
) tot'y,
A2'H(a.b;t) has always a sample continuous version. Kolmogorov's moment Y
Loy
criterion implies that if X{t) is H-ss si with O<H{1 and EIX(t)Ip<°° for some f::
50
p>1/H, then X(t) has a sample continuous version. Since Aa H(a.b;t) is SaS, '2?
EIAa H(a.b;t)lp(w for any O¢p<a. Thus, if 1/a < H < 1, then there exists p such J‘
’ :-f'q
that 1/H < p < a, and hence Aa H(a.b;t) has a sample continuous version; still :i§}‘
the paths have a.s. nowhere bounded variation, since H<1 ([24]., Theorem 3.3). Qv:,
-.:- s
When O < H { 1/a, the kernels of the stable integrals defining Aa,H(a'b;t) have _'j!
&
singular points, which implies that their sample paths are nowhere bounded (see {;}‘
A
s
[17] and [19], and for a special case [13]). ;\v
3
e
i;i;
4. The harmonizable fractional stable processes E}&*
Zat
.0
In this section, we introduce a new class of complex ss si SaS processes. ®

’

e
«
A '1‘ ‘1(.

let 0<a<2 OCH<1, a>0,b>0. atb > 0 and M be a complex SaS motion

(introduced in Section 2). Define

5.". Y ‘.‘ o)
NS,
‘o

{ %

P

1

A

(4.1) o (abit) = 5 ==L @l Vel aney, e
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It is easy to check that Ga H(a.b;o) are H-ss si SaS. When a=2, Re 6, H(a.b;-)

is the same process as the fractional Brownian motion, which is the linear ;Q
fractional stable process with a=2. This can easily be checked by calculating -;r
the covariance functions of those processes. However, when a < 2, Ba'H(a.b;-) é:i
is a new class of H-ss si radially SaS processes, as will be shown in the next ?§§
section for the case 1 ( a ( 2. In what follows, we assume 1 { a { 2 for )
technical reasons. “
The nonanticipating stationary SaS process corresponding to Ba‘H(a,b;°) nﬁ%
given by (2.1) is i:y
i i

(4.2) Y, p(abic) = (5P o (@] 1-H-1/a | 10172y gen),  tem, e

and is thus harmonizable of the form (2.6) with

1 1-H-1/, 1-H-1/a, o
Z(A) = £ == (au) V% 4 0o VR ), aem. N

In view of the harmonizability of its nonanticipating stationary process we call

the processes Ba H harmonizable fractional stable processes. It is interesting

o

»
‘l

to note that the fully anticipating stationary SaS process corresponding to

WA

Ga'H(a,br) given by (2.3) is

o
YLt
© {tA 1 1-H-1/a 1-H-1/a, =~ e
(4.3) f-co e -1 (a}\+ + bA_ ) dM(A), te€R. ::E.,-
n{s)
S
Both stationary processes in (4.2) and (4.3) are (H-1)-ss, harmonizable, and .’
they are identically distributed. :_::
LY
<
The complex harmonizable fractional stable processes ea H(a..b;-) of (4.1) e
‘ )
are indexed by the parameters (a,b) € IRE. We now show that each ray through the bl
2 o
origin of the parameter space IR+ determines a distinct complex process in .'::,.
distribution (up to scaling of course). We also show that the real harmonizable i

13, &

t'.',. 'l'..

fractional stable processes %e Ba H(a..b:') are all multiples of each other in

distribution, namely each %e Ga H(a.b:') is a multiple of the process

-
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¥
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itA

(4.4) ¥ (t)i=%e 8 (1.1:t) = % [7, ==L e, cer,

! A, 11-H-1/ 0 A- 1-H-1/
= 2R ey () - 7, e )y %M, (7).

where Ml and M2 are the real and imaginary parts of the complex SaS motion M.
It follows by [16], Theorem 7.2, that M, and M, are real SaS motions, whose
increments are independent at distinct points A E A dMl(Al) n-dﬂz(kz). and

are dependent at the same point A in the following manner:

d
@, a) = 2@y ®%e,. c,)

a/2

where R is positive (a/2)-stable with E exp(-rR) = exp(-r_ “). r 2 0, G, and G

2
are standard normal, and R, Gl' G2 are independent. It should be mentioned here

that Ba H(l.l;t) is also mentioned in the recent paper [20].

Theorem 4.1 Let 1<ag2, 0<H<1, a0, b0, a+b>0, and Ga H(a.b:°) be given by

(4.1). Then we have

d
-l/a ‘e - e Y4 -l/a . ‘.
Ba'H(a.b. ) = (a'"+b'") Ba H(a .b';+)

(4.5) (a%+b%)

if and only if
(i)a=a'"=0 or
(ii) b=b" =0 or
(iii) aa'bb' # 0 and a/b =a'/b’.

Also for all a,a’',b,b’' we have

- . . -1/ . .
(4.6)  (a%+b%) 1% 6, ya.b:*) (a'%b %) 1o, 6, yla b'ie).

Proof. In view of (2.7) the complex radially SaS r.v.'s [fdZ and [gdZ have the
same distribution if and only if their scale parameters Ilffdlllg = [|f|%u and
IIIgdZIIZ = [|g|%du are equal. Thus to compare the marginal distributions of

Ba H(a.b:t) and Ba H(a'.b';t) we need to compute their scale parameter. For
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simplicity we drop the subscripts a,H in 6 and Y. We have rod

e 1 H-1/a .

lB(a.bie) [ = 7 | 55 (an, pal 172y @ g et

ol E s @G0 270 @ %

(2% 2% J7 lsm(%) (& A7(a+]) gy R

[¢[H (%) 22(1-H) 5y Isin A[® a~(al + 1) g Qe

ol
f e

(a%+b%) D, u

Hence it follows that for each fixed t>0,

-1/a

d
~1/¢ B(a’.b':t). i

(a%+b%)"%(a,b;t) = (a'%+b'%)

In view of the one-to-one relationship between the si SaS process 6(a,b:-) 3?’-
of (4.1) and its corresponding nonanticipating stationary SaS process Y(a.b;*) ﬁ:‘.g

of (4.2). (4.5) is equivalent to PrF
a . a,-1/ d & a1/
(a%+b%) M (a.b:e) = (a'%b' T %(a',b';e) N
i which, because of (2.7), is equivalent to

N N

- -l/ - N N —1/ ' . a AL

(4.8) ||n§1zn(a"+b“) H(a.bit )7 = ||n§12n(a %)@ b e ) RS
= = 9

-:'.P

Pl

But gy

U

>

N
= oaa a1/ . a
(4.9) 112 2, (@5 bl

7 1@

]
Ay e
.
- W

L4

LA

N_ 1t
@) 7 (2 ze n 2 @xe(1H)-1, p2(1H)-1) (102)"/2 g
n=1

RS %

N it A N -it A

-1 ®» -H)- 2

( a+ba) 1 I {al sze D la + bal sze M Ia) 7\a(l H) 1(1”\2)—(1/ dn.
n=1 n=1

e
LYY

e
5‘-"

g{z
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Hence if one of conditions (i), (ii), (iii) holds then (4.8) holds, and so does Ry
r'u
(4.5). This is the "if" part. ;-
&)
We next prove the "only if"” part. Since (i) and (ii) are easy cases, we »
. Path)
only show that (4.8) implies (iii). As usual, we consider (4.9), with N=2. v, s
l
Putting ¢ = b/a and taking z =1, zy=-i, t;=0, t,=t } O, (4.9) becomes i
ll.l.-
1 © {|1+ieit7\|a + ca|1+i 1t7\| } N (1 -H)-1 (1”\2)-0./2 ar. A
a0
l+c G
~2n)
Therefore (4.8) becomes, with c' = b'/a’, .-‘:-5
« { X]
a _ T 0!
(4.10) (c'%ch © {|1+ieit7\|a - |1+ie it?\la} aa(1-H)-1 (1+)\2)—a/2d)\ .:,:::
a 0 O
(l+c Y(1-¢'7) ::.v.',
!
2%(c® i
(e —c i 15 {(1-stnt\)*? - (14s1nen))?) Za(1-H)-1, 52225, _ o ,
(1+c )(1-¢'™) SO0
5
¢
for all t > O. We now show that (4.10) is possible only when ¢ = ¢'. To this -
. ':
end, it is enough to show that ]
"-'s
-H)- f
£(t) := J5 {(1+stnen)™? - (1-sine))¥2) 22T (1) 22 a0 4 o ey
N
for some t > O, '
We first consider the case 1 { aH < 2. We have :'-(L"s-
Z.-:‘_;::
- s %
.h-’-
£t) = (U™2 4 1 ) {(1+sintN)¥ 2= (1-sinen)¥2) 22171 (1 02y0/2 4 ety
0 /2t _-.':D,.
®
= 1720 (1202 - (12002 U1 (102) 72 @ N
-, -
)
Cof®  e(1-H)-1 2 -a/2 S
Herae? o S
4 w/2t ,a(1-H) 2, -a/2 —aH-1 Ny
R 3 (1+7%) A\ ~2J o A dA. o
.'.‘-".'
:\:x'
In the following, ¢ j(. ,*) will denote positive constants depending only on the ;:;'.:
parameters in the parentheses. If 1 < aH < 2, for sufficiently small t>0 we o
A
have \t:
AN
KA
A
S
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£(t) > e (a.H) t - ey(aH) ™ 0.

If aH = 1, also for sufficiently small t > O we have

' 1
f(t) > c3(a) t log T T Syt > 0.

next consider the case O < aH < 1. By changing variables, we have

xa-aH-l 2. 2.-a/2

15 (st ™2 - (1-s1m)*2) (20?) ™2 ax

o f: {(1+sinx)a/2 - (I—sinx)ajz} x_aﬂ-1 dx

2y-as2 )  -abi-1

+ 2 (1)@ 2-(1-s1m) ™2y ((14215) dx

(4.12) = ™ (e (o H) + g(1)).

Since x—aH—l is strictly decreasing on (0,®), we have cs(a,H) > 0. Choosing

e >Oand t > 0 sufficiently smal]l we obtain

a/2| 0 2,2 -a/2

- (1+t°/x") } x_aH“1

lg(t)] < 55 1(1+s1n0)®2-(1-s1nx) ax

2
-aH 0o t -aH-1
{2 fg x dx + 2 [ ;5 x dx

1-aH 2
(e 2t < cgla.H).

1-aH  (aH+2)e™*2

Hence by (4.12). we have f(t) > O for sufficiently small t > 0. This concludes
the proof of the "only if" part.

The case of the real processes %e 6(a,b;*) is easier to handle, because
their scale parameter is as in (4.7), and in (4.8) we need to consider only real

coefficients ro in waich case (4.9) simplifies to

it A
n |a xa(l—H)-l (l+k2)_a/2 an

”1; aba-llaa Y b: “a_fwlg
n=1rn(a +b ) e Y(a. .tn) « =0 n_lrne

-1/a

d
and shows that (ag+ba)_1/aﬂe Y(a.b;*) = (a'a+b‘a) %e Y(a'.b';+) for all
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a,b,a‘,b’, and hence (4.6). a}

By a reasoning analogous to that at the end of Section 3, if 1/a < H < 1,
then Ba H(a,b;t) has a sample continuous version, whose paths have nowhere
bounded variation. (When O < H { 1/a the paths of Ba H(a.b:t) are expected to

be nowhere bounded.)

S. The harmonizable versus the linear fractional stable processes

In this section we show that, when 1<a<2, the real harmonizable fractional
stable process introduced in Section 4 is different from the linear fractional

stable processes discussed in Section 3.

Theorem 5.1 Let 1<a<2. Then the law of the real harmonizable fractional stable
process Q& H(0) of (4.4) is distinct from the laws of the linear fractional
stable processes Aa H(a.b;-) of (3.1) when H # 1/a, and A(*) of (3.3) when

H=1/c.

Proof. We first consider the case H # 1/a. Recall from (4.6) that IlWa H(t)lla
H,1/a.1/a _, H
= [t]2 aDa,H =: [t TeH

= ItIHba H(a.b). For simplicity we delete the subscripts a,H. We will assume

H
and from (3.10) that IIAa'H(a.b;t)Ila = |t Cy.n(a:b)

d
vy = 67la(ab:e)

and we will reach a contradiction. This implies the equality in distribution of
the corresponding nonanticipating stationary SaS processes given in (4.2) and
(3.4):

1-H-1/a . d .
(+"1ae f‘_’ae“"l-f‘-il-,\—_l—:du(x). teR) = (G—II_wha'b(t-s)dH(s). teR}.

Introducing the independent radially SaS increments process N:
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Y 1-H~1/a M
" 5 u ~ ¢
: Ny =2 R dM(u). A€R, |
i " .‘
with spectral measure v: dv(A)/dA = (¢S/'1)|7\|1"H l/"'(1+7\2) 172 it follows that ‘
§ 4
) "i
» d .g’l"
y ge I~ elan(r). teR) = (" M R 4
;: (e [7, e'aN(), teR) = (ST h, | (t-s)dM(s). teR}. 3
LN ) "
" Since the spectral measure N has no atoms, the usual inversion relationship <
: \
D
gives with I=(x,y), 0<x<y, )t

o N
| N_(I) i= 5 (N(I) + N(-I)} = 3 {N(¥) - N(x) + N(-x) - N(-y)} »
. .\\\
¢ Al
¢ 1 T e Wi oIXt @ jen o)
) . — —————————— 1
‘u = %-1:: 5y J'_T -t Re[J_ e TdN(A)] dt, ;’
o -

¥ s

where the limit is in probability or in ||] Ia—norm. For simplicity we put h

)
o
‘3 e-iyt_e—ixt -iut - v
- er du =: fI(t) :

" and drop the subscripts in ha b It then follows that y
. ‘!.

4 i
: N (D) = lim == ST £ (t) { S~ h(t-s)dM(s) } dt Y
st T o ETSIELS

. 1 = T <
= lim -27]'_“ { I_Tfl(t)h(t-s)dt } dM(s). ::
T=w0 -

, i
¥ )
vy Now ||Sfdz| |a = ||f||a implies that J'fndZ converges in ||-| Ia—norm if and only ’:
‘:j if fn converges in l"a’ It follows from the above convergence in ||| Ia norm as &:
‘ T-», that the integrand IITfI(t)h( t-s)dt converges in La as T-=, and hence for o
" ‘
v a.e.(s) along some subsequence 'l'n < o, But E
, o -~
Y Lim ST ¢ ()h(t-s)de = S £ (t)n(t-s)dt  for a.e.(s) 3
T-

%
by Lebesgue dominated convergence, since '.

N 7
‘ 1/a' ol
N -iyt ~ixta’ 1/a '~

U © o |e ~ e o a v
y f_alfl(t)h(t-sﬂdt < [I_” ey l dt] [f_olh(c-s)l dt} f_'_;
'\

N
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For disjoint intervals I1 and 12 in R+. the independence of the former pair of
||
N random variables implies that of the latter. But with 1<a<2, fg,dZ and fg,dZ
\
: are independent if and only if g8 = 0 a.e. (in this complex case see [4]).
. Therefore with I, = (0.x), 12 = (a.b), 0<x<a<b, we obtain
3
» o e iXt _ o o ibt _ -iat
:,. S e ——— h(t-s)dt - I ry h(t-s)dt = 0 a.e.(s).
1)
()
; The same argument used to show integrability of f1(°)h(-—s). establishes the
'
! continuity of the integral f:wfl(t)h(t—s)ds as a function of s, since the map
N
t R>s = h(--s) € La is continuous. Thus the above equality holds for all s.

Putting s=0, we obtain
L

-ixt -i(b-a)

! © e -1 ® e - 1 -iat _

(5.1) I —y h(t)de « J_ > e h(t)dt = O.
y But for h € L with Fourier transform H € La' we have (cf. [22], Theorem 74)
L

-ixt
d = e -1
H(x) = x f_m h(t) I dt a.e. (x)
and
-iyt
d = e -1 -iat

. H(y+a) = ay .f_“ I ¢ h(t)dt

(which follows by exactly the same proof as for Theorem 74 in [22]). Thus
; differentiating (5.1) with respect to x and y=b-a we obtain H(x)H(b) = O for all

0<x<b, where H is the Fourier transform of h. It follows that H = 0 a.e. on R_:
g R T o N o N A S e S e L
T S A A A A S R A AT AT D DR PSR TRIA
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because a‘'>1 (1/a + 1/a' = 1). We thus obtain

d 0 00
N (1) = 5= I%, { 52,6, (t)h(t-s)dt } dM(s).

It follows likewise that the joint distribution of Ns(Il)' NS(I2) is the same as

that of

PR [(BIh(e-s)de } d(s). T ffmfI2(t)h(t-s)dt } aM(s).
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and likewise on R_. Thus H = O which implies h = O a.e. Because of the linear
independence of hl and h2 in (3.6) and (3.7), h,a b= O implies a = O = b which
contradicts a + b # 0.

The case H = 1/a can be treated similarly. o

Now consider for 1<a$2 the real harmonizable fractional stable process

1tA
© e ~ 1 1-2/a &
\Pa'l/a(t) = Re f_m I '?\I dM(A), teR,
which is (1/a)-ss si SaS process. It is distinct from SaS motion (the simplest
(1/a)-ss si SaS process), as it does not have independent increments. As we
have seen in Theorem 4.1 it is also distinct from the log-fractional stable
process A(+), introduced in [11] as a new (1/a)-ss in SaS process. Thus

v

2. 1/a(*) is a new example of a (1/a)-ss si SaS process.

In [7]. Theorem 3.1, it was shown (using Beurling's theorem) that the class
of complex nonanticipating, invertible, SaS moving average processes is disjoint
from that of the regular, harmonizable, stationary SaS processes. The proof of

itA

Theorem 5.1 shows that the two classes of processes, (Qeffwe dZ(A)., t € R} and

(ffwh(t—s)dn(s). t € R}, are disjoint. Namely, the entire class of real

harmonizable stationary SaS processes is disjoint from that of real SaS moving
average processes.

6. The domain of attraction of the harmonic fractional stable process

The domain of attraction of the linear fractional and of the log-fractional
stable processes has been studied in 1], [2]. [10]. [11], [12]. In this
section, we study the domain of attraction of the H-self-similar, symmetric
a-stable process with stationary increments Ba'H(a.b:-) introduced in Section 4.

We start with ea.H(1'1;°)'
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Theorem 6.1. let 1 <a <2, 1-1/a <H<( 1, E be the complex SaS motion in

>
)

o
(4.1), {Yn)n=_°° be the harmonizable SaS sequence

3
oLy

Y =™ eI™ anea) 2
o

and
. »

Bty
(6.1) Z = 3 c Y, iy

k=—®

" '
.‘
with appropriate coefficients (cn}. Let v+ = H¥1/a-1 € (0,1). Define {cn) by o 25:;

= 0, c, = lnl‘r-l for n # 0. Then (Zn} is well-defined by (6.1) and as n-»,

l“lﬁ
1 [nt] d My
3z, - €8, 4(L.1:t). t >0, .E::"‘

nH m=1
d N
where 07 = 4I'(v) cos(vw/2), and - means the convergence of all finite

dimensional distributions of the indicated process. -~

Proof. (Step 1) We show that {Zn} is well-defined. Since ' X

n+K ~ -

ey = T ™ (3 e ™) AN,
m=n-K

3
[k <K

~imA

. -]
it suffices to show that the Fourier series Em.—-wcm e (i.e. the sequence of ]

its partial sums) converges in L (-w.7). Since v <1, c = |m|"-1 10as ey

-imA

Im] 1 © and thus 3° c. e is convergent everywhere except at A = O (mod 2w)

(see [3]. pp. 87-88). Also since a > 1, a necessary and sufficient condition
—imA

/':".

ALY N
"]

€ La(-v.w) 1s 3 c: Imla-z { » (see [3]. p. 207), which is

satisfied since a(v-1)+a-2 = a(H-1)-1 < ~1. In fact the argument in [3], p.

[}
for 2m=-w cme

Py

W st
A P

»

corr
P
RN

/ l’.

208, shows that in this case the sequence of partial sums converges in La(—w.w).

) ﬂ{';l
v

For completeness, we show this fact below.
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For simplicity, we consider the convergence of
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5
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m
f (x) = 2 cos kx to f(x) 1= 2 cos kx .
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in La(0.1r) as m -» ©, By the same argument as in [3], p. 208, for n > m, if phy
7/(n-m+1) ¢ x < v/(n-m),

f()-f(x)lsz +|z kx |
Imx ck k—m-lckcos

b
+=c¢c ¢ = + const.(n-m)c. ¢ 2 X . o
k=m+1 X l;<=nr+1ck n k

LN %

Hence, with Bn = f\:=m+1 Cy n

-:- s l“‘;’_(‘

w _ a _ w/(n-m) _ a

Jo 1, (x)-£(x) |7 ax = n ﬂfﬁ a7 (nmmi1) [EaG=F0 7 dx
’ [ ©0

\ w/{n-m) a -2 S
¢ const. 3 T B*dx ¢ const. 3 B> (n-m) I
B n=m+l 7/(n-m+1) “n n=m+1 O >
; ®© 2 "r
{ const. 2 BY 7%, wJ
2=1 2+m AN
B

by a similar argument as in Theorem 2 in Appendix 22 of [3],

' .  — m - . H
X < om(l) + const. 21c8+m &« 2 < const.eflczﬂn a-2 for large m. .::

: © a ,a-2 .
: We will show 1imm_m 20:1 eme = 0 under our assumptions. Let

Aiz 3% %2 ¢w

a
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For any € > O, there exists L = L(e) such that Ee <L+1 © e"'2 < e. For any ~
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Hence

ea—2 < e+ e(l—v)a.

a
&+m
a
1 &+m

1

lim sup 3 ¢

lim 2 ¢
m £

e
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and so
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o
_ 1 -ikwn K
Ln(u) == 3 c, e . 0 < |u| € nu. vy

n k=

We now follow the approach of [14]. Let f(A) be a symmetric, twice :,_.
differentiable function such that f(A) = 1, |A| ¢ w/4; £(A) = 0. |A| 2 w/2; and

f(A) is monotone decreasing for A > 0. Then by [14], p. 138, X

.o, 1 ikA g, -7 -1 -2
(6.3) ¢ = 5 C Il e AT fyan = k|77 + o(k[7%) 2

and

(6.4) 3 e = C7|x|‘7f(x) for |x| ¢ =,

k=—x

L.
v

s

= C_rlxlﬂ' for |x| < m/4,

OTTN

S

except for x = 0. Now put

&

TR s

(6.5) Z:(t) = I"T K (t.u) L' (u) dM(u),

¥

Kd

where

e,

[
(6.6) Lr'l(u) = — 3 Cp 0 < |u} < nm,

)

®

|
R
sa's'y

[}
L

AN

Yo U
c lul"E )
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by (6.4) and thus,

‘Y" - l’-
{{-’I{

(6.7) L' (u) = quul_q. 0 < |u| ¢ nw/a4,

”

¢
L]
AL

by e 3
L
'

(6.8) L' $C ™ 0< Ju| <o

o
el
’

(Step 3) We show that for each t > 0 as n = =,

LAY

L/

(6.9) Z (1) - Z'(t) = O

T

in probability, or equivalently, in view of (6.2) and (6.5), that as n =» «

> ‘f
LA IS L

, AN A N s e o o o s
Aty e A D AN A T oy o .
A ol o o €y e A, AR SRR KT " . Y
B e L e o P el
¥ . ' » s - N . e, B B R



TR TR TR T TN YT ey ; e — -
8 e Diatpisjaanite s t4n 0% 40t ! S Rat i Bat e dia® S A cia® JA0® et ARt et A g .-.;‘_x-.&_i_\.-\.i-'#..\‘:'-vf‘:':\r_‘-'.-*.'-'}.r

4 o
2
26 ]
Dy (
: v a ' a )
, oIk (ew)® L (u) - Li(u)[F du » 0. N
0 :
! For u # O we have ‘
' © g (f
' ' 1 vy —iku/n const.
i L (w) -L ] = = |2 (g -ce | ¢ seme- !
K n k= n '::.
‘.
R N |
- since by (6.3), ¢ ~ ¢, = O( |k|-2). Also for O < |u| ¢ nm,
W )
W sin [nt]u u_ ;:
_1 2n J| _ 2 [nt]u I 2n L g
b (6.10) IKn(t.u)I == oy =TT sin(:55) T $ T ]
2n %n ;
[ "‘l
Since v > 0 and @ > 1, it follows that with O < a < nm, ,‘::'
5 o
by a ey | const. 1 )
oK (e 7 L (u) - L) [T du ¢ === — du
a< |u|<nr n a<|ul<nr |u]
» o
' -
o (6.11) ¢ omst: _, 0 asnoo. 3
[ & K
L4
\
~ Thus it remains to show that 5
& '
& Z:
'R a . a N
3 i) IKn(t.u)| ILn(u) - Ln(u)l du - 0 asn-oo 2\
I} u{<a .f
o However, by the argument in [14] (see Equations (2.10), (2.16), and the next one N
. "l‘
:’ on p. 139 in [14]), we see that :'
* :::
h ! K (el L (@) - L@l [u¥ @ 5 0 asn-w '
4 lul<nr TntT n n ' g
2 3
1 for any q € (0.1). Hence ;‘,'
- e
y 2 2 | 1q-1 ¢
] falca Kot % I () - L) [u[% e > 0 asnoe .
g <.
: which implies (6.11) by Holder’'s inequality. "
b 0,
(Step 4) We finally show that for each t > O, l"
’ e
4,
i ~ ‘e v
; (6.12) z'(t) - CB y(1.1:¢) ::;::c
[ :a:
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in probability, or equivalently that ::-:.
'
5
> a nw eitu-l -7 |a 4
(6.13) ||Zn(t)-C‘YB'H(1.l;t)“a =, | K (t.u)L (u) - C lu]”" |® du B
B g (}
s l eitu—1| I~ e Nyt
+ C ———]u du
lul>nwr 7 tu ""5
- 0 as n & ®, _‘
N
The integral f|u|>n1r tends to 0 as n = ® because the integrand in Lebesgue :;"
integrable over R. For the integral over |u|<nw we have from (6.6). ':
»
eitu -1 —— ;:';
._ ' - b
g (t.u) =K (t.u) L (u) - C =—7— lul s
':."i
- u eitu -1 -
- _—) - ——— i
= ¢ lul™ (K (ew) 1) - =) y
3
It then follows from (6.7) that as n = @, e
(% .
.‘ *,
gn(t.u) -0, u#oO, Al
N
and from (6.8) and (6.10) that o
lg (t.u)] < C lul_"r min {1+t 24 } 0 < |u] ¢ nw '-‘::
n A\ ’y . m . ’
i
where the function on the right hand side is in La(IR) since av = 1-a(1-H) < 1 o
ity
and a(v+1) = aH+1 > 1. Hence the dominated convergence theorem implies -.';*
"
L
IEZW |gn(t.u)|a du » O as n - ® '~:~
,.:‘:
and thus (6.13) is established. '.E'_.
It then follows from (6.12) that as n = @, o
~
N
I . d J o
2aZ'(t,) -» C Z2Za@8 . (1.1;¢t)) N
jop I 1J=1Ja.H 3 ;;
b
in probability, and the result follows from \{r
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J =«
Z(t): ZaZ(tJ) .

313 j=1 4 1 o

which is established as (6.2), and from (6.9). 0

&

The restriction 1-1/a < H < 1 in Theorem 6.1 was used only in the estimate

o o
Vs

(6.11). If the left hand side of (6.11) could be shown to converge to zero for .

2

0 <H <1, then Theorem 6.1 would hold for all O < H < 1.

-
> -

With some modification of the proof of Theorem 6.1 along the idea of Major

Pl L % #
@

[14]., we obtain the following generalization.

,
z
-

-
SN

Theorem 6.2 Let a0, b0, a+b>0 and define

1 +b -b
A= 8r(~) { cos?vw/2) -1 sin?11/2) b

-.—
2y

A d:

e

-

where v = H+1/a-1 as in Theorem 6.1. In the assumption of Theorem 6.1, we

I‘Y-l

replace c_ = In ., n#0, by

0B

AL, n>o0, ;
- .

I‘Vl

Aln]™!. n<o. o

Then we have s

[nt] d
2 2 —- ea.H(a'b;t)' e

1
nH m=1 -

Sketch of Proof. We give only the outling of the proof here and omit the

[4

I.,}
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L4
& 6 %

details.
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With the same function f, as in the paragraph preceding (6.3), we define,

’
%.'?'
X

instead of the {cﬁ) of (6.3),

r .".I'.I'.I ot
E Y

1 w ik, -7 T SN
a i=3=K T e [A[TTE(A)AN, by =5 K [ e

A INTTE() sgn A dA.

A.-.,

'-"- ‘.

*

where

oy
’-
£Z,

5

= 2(A*A)(7)cos(1/2). K. = 2(A-A)[(7)sin(7¥/2).
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Then by the same argument as in [14],

R

a, = %(M-;) k|"! + 0x7?). by = %(A-x) k" sgn k + o(x™?)

o

o

-~

implying

2%

(6.14) cl‘( : a,k'i-bl'(z

W

{Alkl"'l + 0%, «k>o0,
Ak v 0x?). k<o,
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and also
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K7|x| TE(x). kZ b e = iKlel Tf(x) sgn x.
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Now put
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Z'(¢) = K_(t.u)L’ (u) dN(u).
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o
1_12cl.(e-iku/n' 0<u¢nnm,

n k=

Ly (w)

.&.,
501

Y

]
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(6.15) L, () = K1|u|_1f(%). L) ,(u) = 1K [ulT7E(2) sen u.

Y ‘l;\'

Note that from (6.14), ck-ck = O(k_z). So the same argument as in Step 2 of the

e

proof of Theorem 6.1 concludes that as n =+ »,

LY

® -_':;:.-}

‘ nmw a ' a
J oy K (e |7 L (u) - L (u)[" du > o.

Py

Step 4 will be handled as follows. First note that o
K = Ha+b). K' = - i(a-b)
Yy 2 ) y - 2 '

so that
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=K + iK', b=K - iK'
v ~ i ~.
Hence we have
o eitu — ey
Ba.H(a.b;t) = IA” {(K +iK' )u + (Kv—in)u_ } dM(u)
o e1tu_1 — ' — -
=J & m (quul + 1K7|u| sgn u} dM(u).
and
112, (t) - 6, 4la.b:i) 1% = ST | K (t.u)L’(u) - e 1 Hu| (K +1K: sgn u) |*
o H(2 - n(tu)Ly (u u gn u
eitu—l - a
+ Ilul)mr | _iu_-lul (K_’-o-il(_'vsgn u) |” du.

The second integral above tends to zero. As to the first integral we have from

(6.15) that the integrand without the a power is equal to

itu
. -1 5 -1
Kn(t'u)Ln.l(u) - K_7e 1 |u|-‘7 + Kn(t.u)L (u) - iK ——————1u| sSgn u

- u e1tu 1 - u eitu
=K lul (K (tu)f(3) - 55—} + 1K lul Tsgn u { K (t.w)E(D) -

iu

By the same reasoning as in the proof of Theorem 6.1, the right hand side above

tends to zero, and the integral itself also converges to zero. o
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